Multisurface pattern separation is a mathematical method for distinguishing between elements of two pattern sets. Each element of the pattern sets is comprised of various scalar observations. In this paper, we use the diagnosis of breast cytology to demonstrate the applicability of this method to medical diagnosis and decision making. Each of 11 cytological characteristics of breast fine-needle aspirates reported to differ between benign and malignant samples was graded 1 to 10 at the time of sample collection. Nine characteristics were found to differ significantly between benign and malignant samples. Mathematically, these values for each sample were represented by a point in a nine-dimensional space of real variables. Benign points were separated from malignant ones by planes determined by linear programming. Correct separation was accomplished in 369 of 370 samples (201 benign and 169 malignant). In the one misclassified malignant case, the fine-needle aspirate cytology was so definitely benign and the cytology of the excised cancer so definitely malignant that we believe the tumor was missed on aspiration. Our mathematical method is applicable to other medical diagnostic and decisionmaking problems.
In this report we present a general mathematical method for aiding medical diagnosis and decision-making and demonstrate its application in diagnosing breast mass cytology. Multisurface pattern separation (1) is a mathematical method for distinguishing between pattern sets. The pattern sets are comprised of elements that consist of various scalar observations. In the present application, the pattern sets were benign or malignant and each element of the pattern sets consisted of nine cytological characteristics of benign or of malignant breast fine-needle aspirates (FNAs). These nine characteristics have been established to differ between benign and malignant samples, but no single characteristic alone or presently described pattern distinguishes between benign and malignant samples. Discrimination between benign and malignant samples was accomplished by multisurface pattern separation.
Eleven cytological characteristics of breast FNAs were valued on a scale of 1 to 10, with 1 being the closest to benign and 10 the most anaplastic. Statistical analysis (2) showed that the following nine characteristics differed significantly between benign and malignant samples: uniformity of cell shape, uniformity of cell size, clump thickness, bare nuclei, cell size, normal nucleoli, clump cohesiveness, nuclear chromatin, and mitoses. The multibranched decision tree, which was developed to distinguish benign from malignant epithelial cell clumps (3), gave 16 false-positive and 3 false-negative classifications with a subset of the present data, consisting of the first 352 FNAs (190 benign and 162 malignant) (4). However, this decision tree considered only four of the cytological characteristics and equally satisfactory separation resulted from simply summing the values for all nine of the characteristics (2) . In contrast, the mathematical method (1) used in this paper simultaneously weights the values for all nine cytological characteristics and designs a piecewiselinear separating surface composed of four pairs of parallel planes that completely separates 201 benign samples from 168 malignant samples.
MATERIALS AND METHODS
FNA. A standard method was used to obtain and prepare breast FNAs (3). The sample considered in this paper is a subset of 482 breast FNAs that contained epithelial cell clumps. Excluded, but previously reported (4), were 20 unsatisfactory preparations, 65 satisfactory preparations that did not contain epithelial cells, and 27 preparations that contained only nonclumped completely free epithelial cells.
Cytological Characteristics. The following cytological characteristics were assessed: the extent to which epithelial cell aggregates were mono-or multilayered (clump thickness), cohesion of the peripheral cells of the epithelial cell aggregates (marginal adhesion), the diameter of the population of the largest epithelial cells relative to erythocytes, the proportion of single epithelial nuclei that were devoid of surrounding cytoplasm (bare nuclei), blandness of nuclear chromatin, normal nucleoli, infrequent mitoses, uniformity of epithelial cell size, and uniformity of cell shape.
All malignant aspirates were histologically confirmed whereas FNAs diagnosed as benign masses were biopsied only at the patient's request. The remainder of benign cytologies were confirmed by clinical reexamination 3 and 12 months after the aspiration. Masses that produced unsatisfactory or suspicious FNAs were surgically biopsied.
Multisurface Method of Pattern Separation. The computational problem addressed here is that of discriminating between the elements of two disjoint sets of points, sets B and M. Set B consists of 201 points each of which represents nine measurements made on FNAs of benign breast masses. Set M consists of 168 points representing the same nine measurements made on malignant masses. This is a classical problem of pattern classification or separation (1, 5, 6) that we have solved by a nonparametric method of pattern classification (1, 6 ) that employs linear programming (7) 
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Applied Mathematics: Wolberg and Mangasarian pattern separation (1) whereby a piecewise-linear separating surface is constructed sequentially by means of a finite number of pairs of parallel planes as follows. Any two planes in an n-dimensional real space determine three disjoint regions. By linear programming, we determine two such planes, as close together as possible, so that only the region between contains points from both sets B and M. Having done this, we discard the outside points and repeat the process with the inside points and so on, until what is left is linearly separable. Classification of the two sets is thus achieved by checking whether each point lies outside the region between the first pair of parallel planes. If it does, then it is classified at stage 1 as being in set B or in set M depending on which side it is on. If it is between the first pair of parallel planes (or on them), the point is then checked by the same process using each of the remaining pairs of parallel planes in a prescribed order. The process is continued until every point is classified at some stage by some pair of parallel planes. When sets B and M are disjoint, such a classification procedure is always possible (1); however, its usefulness in general decreases if a large number of parallel planes are required. For the present problem, complete classification of 369 samples was achieved with four pairs of parallel planes. The planes were obtained by using a procedure similar to that of Mangasarian (1) bi give the distance of the two ith parallel planes to the origin in the nine-dimensional space. A Fortran program was written to implement the above classification procedure for both a Sun 4/110 workstation and for an IBM PC. Given a nine-dimensional vector, the program instantly classifies the point into a benign or malignant category and gives the stage, 1, 2, 3, or 4, at which the classification was made.
The validity ofthe method was tested by randomly splitting the 369 samples into training samples (i.e., samples that generate the separating planes) and into testing samples (i.e., samples that test the correctness of the classification by the separating planes).
RESULTS
We first note that the FNA cytology in the one excluded malignant case was unmistakably benign. The cells were approximately 7 ,um in diameter and were uniform in size and shape, the nuclear chromatin was fine and homogeneous, and the nucleoli were normal (Fig. 1) . The cytology ofthe excised cancer unmistakably was malignant. The tumor was very cellular, the nuclei measured 15 ,um in diameter, the cells were irregular in size and shape, the nuclear chromatin was course and clumped, and the nucleoli were very prominent (Fig. 2) . Since there were also 18 benign cases with identical characteristics to those of this malignant case, we decided to exclude this sample from the classification procedure. This case was also incorrectly classified by our other classification schemes.
As stated above, when all of the 369 samples were used as a training set, complete classification was achieved by means of four pairs of parallel planes. When 50o of the samples were used as a training set, only two pairs of parallel planes were needed to completely classify the training set. When these two pairs of parallel planes were tested on the remaining 50% of sample points, 6.5% of the samples were misclas- sified. When 67% of the samples were used as a training set, only three pairs of parallel planes were needed to completely classify the training set. When these three pairs of parallel planes were tested on the remaining 33% of sample points, 4.1% of the samples were misclassified. These results indicate that the accuracy of separation increases with the size of the training set. When all the samples are used as a training set, the accuracy of separation depends on how well the whole sample set represents all other possible points.
DISCUSSION
The mathematical method used in this paper simultaneously weights the values for nine diagnostically important cytological characteristics (1) and designs four parallel planes to separate benign samples from malignant ones. Correct separation was accomplished in 369 of 370 samples (201 benign and 169 malignant). Because of the marked cytological differences between the FNA and the excised histology, we do not believe the single excluded sample resulted from cytological misinterpretation but rather resulted from missing the tumor on aspiration. Clinical features support this theory. The cancer was 2 cm in diameter and was located deeply in a rather large breasted premenopausal woman.
The multisurface method of pattern separation is more powerful than previously used methods for breast cytology diagnosis because it utilizes all of the available diagnostic information. This is accomplished by simultaneously weighting the values of nine diagnostic characteristics (1). In contrast, statistically based schemes previously employed for diagnosing breast FNAs considered only a few cytological characteristics or else weighted all nine equally. The multibranched decision-tree misclassified 2 malignant and 19 benign cases from the present data set excluding the malignant case that was missed by aspiration. Nevertheless, classification by the previous schemes produced results comparable to the best reports in the literature (4) (16 false-positive and 3 false-negative classifications with a 352-case subset of the present data set). With the present method, cytological diagnosis correlates so closely with histological diagnosis that diagnostic differences cannot be assumed to be due to inaccuracies in cytological diagnosis. Albeit, invasion cannot be diagnosed cytologically.
The accuracy with which benign and malignant breast masses were diagnosed is an illustrative example of the value of the proposed mathematical method in medical problem solving. A personal computer program incorporating the separating surfaces constructed by our method is available. Instant diagnosis by the program simply requires the entry of the numerical values for the nine cytological variables. Utilization by others of the method is predicated on the reproducibility of numerical values assigned to cytological variables. Such reproducibility has indeed been the case for values assigned by different trained observers.
We finally note the importance of the universality of the training set as demonstrated by our numerical experiments in which the total data set was divided unequally into training and test sets. With larger training sets more planes were required to separate benign from malignant points, but the separation became more accurate. The accuracy of predicting outcome by the present method depends on how universally representative the original data base is, the precision of the numerical representation of the cytological variables, and the inherent mutual exclusiveness of the pattern sets, in this case the benign and malignant histological diagnoses. Nevertheless, we feel that the multisurface method provides a very useful diagnostic tool.
